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The central object of this paper is an holonomy formulation for spin foams. Within this new repre- 
sentation, we analyze three general requirements: locality, composition law, cylindrical consistency. 
In particular, cylindrical consistency is shown to fix the arbitrary normalization of the vertex am- 
plitude. 
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I. INTRODUCTION 



In this paper we consider the holonomy representation 
for spin foams This representation allows to write 
spin foams in a Feynman path-integral form, where the 
configuration variables are SU(2) group elements. 

Spin foam models 0-0| provide the transition ampli- 
tude from an 'in' state to an 'out' state of 3-geometry: 
they give a mathematical and physical meaning to the 
formal expression 
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for the Misner-Hawking transition amplitude of 3- 
geometries in terms of a sum over 4-geometries @, Q. 
The recent convergence between covariant and canoni- 
cal approaches to quantum gravity strengthened the idea 
that the spin foam theory constitutes a good alternative 
framework for the dynamics of Loop Quantum Gravity. 
In particular: i) in the 'new' spin foam models [3-0 E3] 
the correct weak imposition of linearized simplicity con- 
straints provides a kinematical boundary Hilbert space 
isomorphic to the one of Loop Quantum Gravity. Hence 
we can interpret a spin foam amplitude as a transition 
amplitude between Loop Quantum Gravity kinematical 
states. This is also the philosophy behind the computa- 



the SU{2) formula- 
respects a composi- 



tion of n-point functions (111-114 
tion of EPRL spin foam model 

tion rule, studied in [l5j], typical of canonical dynamics, 
iii) here we make a further step: we introduce cylindrical 
consistency in spin foams. This is required for the inter- 
pretation of covariant amplitudes as transitions between 
wave-functions of a connection. The last step goes in the 
direction of defining spin foam dynamics for the full LQG 
Hilbert space [li| [TtJ , and not for a truncation of it on a 
fixed (simplicial) graph. 

The paper is organized as follows. Section II is a re- 
view of the holonomy local formulation for spin foams. In 



section III we discuss the locality and composition prop- 
erties (studied in [ll|) in this formulation, and introduce 
the requirement of cylindrical consistency in spin foams. 
In particular we analyze invariance under face orientation 
reversal, face splitting, and face erasin g. Similar invari- 
ance properties were considered in [H,l3i as an imple- 
mentation of diffeomorphism invariance and in analogy 
with cylindrical consistency. Here our perspective is dif- 
ferent: we require consistency to make a deeper contact 
with Loop Quantum Gravity. As a technical byproduct, 
we are able to extend the projection map on the solu- 
tion of simplicity constraints to the full Hilbert space. 
Two subsections are dedicated to the specific cases of 
Ponzano-Regge and EPRL spin foams. Section IV is a 
short discussion on the relationship between continuum 
limit and cylindrical consistency. 



II. HOLONOMY FORMULATION 



In Loop Quantum Gravity [2CH24| . the kinemati- 
cal Hilbert space is attached to graphs T embedded 
in a 3-dimensional space-like Cauchy hypersurface E. 
For a given graph, it is the Hilbert space Hp = 
L 2 (SU(2) L /SU{2) N ) where L is the number of links of 
the graph and N the number of nodes, so a state is a 
gauge invariant function of SU(2) group elements hi 
(I = 1 . . . L) that is invariant under SU (2) gauge trans- 
formations at nodes, 
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Here s(l) and t(l) are respectively the nodes which are 
source/target of the link I, according to the orientation 
of the link. The full Hilbert space [25[ of loop gravity 



H = L 2 {A,dn AL ) 
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becomes separable [26J after imposing spatial diffeomor- 
phism invarianc^E and decomposes into the orthogonal 
sum 



(4) 



The group of diffeomorphisms must be extended to allow for 
* magliaro@gravity.psu.edu isolated points in which maps are not differentiable, but still 

t perini@gravity.psu.edu continuous. 



2 



where T is a cliff-equivalence class of graphs T C E. By 
the Peter- Weyl theorem, an orthonormal basis of Hr is 
given by spin-network functions: 



^TjtiAm) = ®nV in ■ ®i\/2j t +lD jl ( gi ) 
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labeled by spins ji (one per each link I) and intertwiners 
i n (one per each node n) ; i n is the label of an orthonormal 
basis Vi n in the space of intertwiners. The pattern of 
the contraction map "•" is determined from the graph T. 
Finally is the Wigner SU(2) representation matrix. 

For a given TLr , the configuration variables hi are inter- 
preted as holonomies of the Ashtekar-Barbero connection 
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along the link I of the graph (r^ is the spin-connection, 
K % a the extrinsic curvature of the hypersurface E, and the 
real number 7 7^ is the Barbero-Immirzi parameter). 

The partition function of a spin foam model takes the 
form of a su nS over partition functions for 2-complexes 



(7) 



A 2-complex is a collection of 2-dimensional faces, 1- 
dimensional edges and O-dimensional vertices, with spe- 
cific adjacency relations and orientations. The general 
form of Z a we consider in this paper is 



Z„ 



I ' dh vf Y[w v (h vf ) n^n^ 

J v f vef 
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namely an holonomy formulation of spin foams [T| , where 
the variables h v f are analogous to the canonical variables 
in ([2]). The partition function Z a is local in space-time, 
i.e. it is given by a product of elementary vertex am- 
plitudes W v (h v i), and 'face amplitudes' which impose a 
local condition on holonomies. 

The ordered product inside the face amplitude is over 
a cyclic sequence of vertices, according to the face ori- 
entation. The bulk holonomies h v t have a vertex label 
v and a face label/, so that they can be uniquely as- 
sociated to wedgeqj. Alternatively, the bulk holonomies 



The sum over 2-complexes can be generated by an auxiliary 
Group Field Theory [29j |, It is usually not well-defined (diver- 
gent), and requires suitable gauge-fixing or regularization. For 
a fixed 2-complex, divergencies are associated to "bubbles" . In 
topological (i.e. unphysical) theories, topological invariance im- 
plies that those "bubbles" can be removed up to a divergent 
overall factor that depends only on the cutoff. In quantum gen- 
eral relativity the situation is different: "bubble" divergencies 
are true radiative corrections which carry information about the 
infrared behavior of the theory I30H33H . 

A wedge labeled by vf is a portion of a face / adjacent to the 
vertex v. 



can be thought as associated to the links in the boundary 
graphs of vertices. We shall call these graphs local bound- 
ary graphs, or simply local boundaries, in order to dis- 
tinguish them from the global boundary of the spin foam. 
The boundary graph of a vertex is defined as follows: the 
links and the nodes of the boundary graph result from 
the intersection between the faces and the edges meeting 
at the vertex with the boundary of a small 4-ball contain- 
ing the vertex. The orientation of the boundary graph is 
inherited from the orientation of the 2-complex. 

For spin foams with boundary graph T, the partition 
function becomes a function of boundary holonomies and 
generalizes to 



Z(hi) = W M> 



(9) 



9<r=r 



where the sum is over 2-complexes bounded by T and the 
amplitude associated to each 2-complex is 



W a {h) = [dh vf Y[W v (h vf y, 



(10) 
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To simplify the notation, the face amplitudes have been 
split in internal times external. The ones associated 
to external faces (faces cutting the boundary surface E 
through a link I) contain the boundary holonomy hi. The 




FIG. 1. Labeling of spin foam in the holonomy representation. 
An internal face / and the external face / are shown. The 
holonomies h v f are associated to wedges, and the holonomy 
hi to the external face /, or equivalently to the boundary link 
I. 



amplitude W a {h{) defines a linear functional: 
W a : H T — > € 



(11) 



where H r = L 2 (SU{2) L )/ - is the boundary Hilbert 
space associated to the boundary graph T (we have di- 
vided by the gauge action of SU{2) at nodes). This func- 
tional is 



(W CT |V) = / dhiW(hi)ip(hi), 



(12) 



and assigns a quantum amplitude to the kinematical 
states. This amplitude (its modulus) gives the probabil- 
ity for a joint set of measurements, coded in the boundary 
state ip performed on the boundary of a [2^, [34[ . 
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The formalism admits boundaries with two connected 
components T, in and S OU i. In this case, W a belongs to 



respectively. We have 



)%r in and can be thought as a propagation kernel 



evolving the incoming state tpi n to the outgoing state ip 



ipout(hi') = / dgiW(hi> , gi)ipin(gi) 



(13) 



so we recover the more standard interpretation of W a as 
a transition amplitude. 



III. LOCAL SPIN FOAMS 

In this section we analyze the properties of a local spin 
foam of the form ©, and argue that the requirement of 
cylindrical consistency can fix the arbitrary normaliza- 
tion of the vertex amplitude. At the conceptual level, 
cylindrical consistency is an important step for the in- 
terpretation of a spin foam as a Feynman path-integral 
over histories of the connection A^ix, t). The type of 
consistencies we discuss in this section are 'canonical', 
in the following sense; they are a sort of time-evolution 
of the well-known cylindrical consistency for LQG op- 
erators (e.g. the volume operator |24|): link reversal, 
link splitting and link erasing are lifted to the spin foam 
framework. 

1. Locality. As we already mentioned, the spin foam 
partition function © is local. Actually, formula © 
defines a notion of locality. The standard locality 
in terms of colorings of the 2-complex is recovered 
using the Peter- Weyl decomposition: 

z ° = e n^/ + !) n A eUf,ie) n ^ 

jfie f e v 

Here the spins jf label the spin foam faces. No- 
tice that the face amplitude is the dimension of the 
SU(2) representation dj = 2j + l, for any spin foam 
model of the form ((8]). 

The edge and vertex amplitudes A e , A v are lo- 
cal: A e depends only on the intertwiner labeling 
the edge and the spins of the faces meeting at the 
edge, A v depends only on the the quantum numbers 
of edges and faces meeting at the vertex. Finally, 
the edge amplitude can be absorbed in a redefini- 
tion of the vertex amplitude. As a consequence, 
possible normalization ambiguities are absorbed in 
the vertex amplitude. 

2. Composition property (face cutting). The spin foam 
amplitude W a (h v f) satisfies a composition prop- 
erty under face cutting, emphasized in [l^]. Sup- 
pose we cut the 2-complex in two pieces u\ and 
<72 (the cut is realized by intersecting with a 3- 
surface), in such a way that each face which has 
been cut turns into two external faces of a± and a% 



dh ext W ai (h, h ex t)W„ 2 (h exU h) = W aiLk72 (h) (15) 

where the integration is over the boundary 
holonomies h ext . This follows easily from the fol- 
lowing simple property of the face amplitudes 

dh ext 5(h . . . h ext )S(ti . . . h ext ) = S(h...h' .. .), (16) 



namely the two external face amplitudes collapse 
into a single internal face amplitude, after inte- 
gration. If we change the face amplitude in (fl4"|) . 
the composition property does not hold anymore 
In particular, this fixes the face amplitude 



of EPRL model to be dj, and not the 50(4) one 
dj+dj-, or even worse the SL(2, (D) dimension in 
the Lorentzian case, which is infinite. 



3. Cilindrical consistency (face reversal). As a first 
step, we require face reversal invariance of the spin 
foam model (Fig(2]) . Under a flip in the orientation 





FIG. 2. The face reversal. 

of a face /, the face amplitude has the transforma- 
tion rule 



h vf ) -> h-j) 

vef vGf 



(17) 



where the two products have the same ordering. 
It follows that the partition function is invariant if 
we assume the following transformation rule for the 
vertex amplitudes of vertices belonging to the same 
face /: 



W v (h vf ,...)^W v (h-},...) 



(18) 



4. Cilindrical consistency (face splitting). Consider an 
holonomy hi associated to a link in the local bound- 
ary of a vertex, or in the global boundary of a 2- 
complex. If we split the link in two parts V U /" = I 
and associate to each part an holonomy, we would 
like to regard the product hiihyi as equivalent to 
the single holonomy hi (Fig|3]). This picture comes 
from the composition law of holonomies in the con- 
nection representation of Loop Quantum Gravity, 
where the holonomy of a connection A^ satisfies 



H l=V w(A) =H V (A)H V ,(A) 
if the path I" starts where the path ends. 



(19) 
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FIG. 3. The composition low of holonomies. Hi = ii\jii/(A) = 
H l ,(A)H l ,,(A). 

The fact that in the spin foam picture the two ob- 
jects are different has important consequences for 
the dynamics. Consider an ./V-valent spin foam ver- 
tex and its local boundary whose links are labeled 
by vf. The vertex amplitude is W v (h v f). Let 
us split one of the boundary links in two pieces, 
with associated holonomies h v f> and h v f. Since 
we added a dummy (i.e. 2-valent) node, we have 
split the face / in two parts (FigQJ by adding a 




FIG. 4. The face splitting. A face / is split in two faces /', /" 
by a new dummy (2-valent) edge. The holonomy labeling the 
original face is split in two independent holonomies h', h" . 

dummy (2-valent) edge that comes out from the 
vertex. Now we have actually increased the va- 
lence of the vertex by 1. The new vertex amplitude 
reads W v (h v f> , h v f» ,...). In general the two vertex 
amplitudes (the N and the (N + l)-valent) can be 
different, so we require: 

W v (hvf>, h„f »,...) = W v (h vf :h v f ■',...)■ (20) 

This requirement provides a cylindrical consis- 
tency for spin foam theory: if we use redundant 
holonomies in the description of the kinematical 
space, the quantum amplitudes should not depend 
on this choice. Physics must be independent of it. 
It is important to notice that the splitting edge can 
end in another vertex or in the (global) boundary, 
if there is one. It is straightforward to show that for 
a general model ©, equation (I2TJ1) implies that the 
partition function is invariant under this splitting. 
More precisely, W a is invariant under a vertex-to- 
vertex splitting, and satisfies 

Wz{h v ,h v .,...) = W„{h v h v ,,...) (21) 

for a splitting edge that ends on the boundary 
(FigJS] gives a pictorial representation of the two 




FIG. 5. On the left: the vertex-to-vertex face splitting. A 
face / is split in two faces /', /" by a new dummy (2-valent) 
edge. On the right: the face splitting ending on the boundary. 

kinds of splitting). The cylindrical requirement 
(|20[) is trivially met for the Ponzano-Regge model, 
while in the case of EPRL it fixes the residual am- 
biguity in the definition of vertex amplitude. This 
is done in the following two subsections. 

5. Cylindrical consistency (face erasing) As a last re- 
quirement, we demand the spin foam amplitude W a 
for a 2-complex a bounded by the graph F to sat- 
isfy: 

(W^ r ,j) = (Wjh/>f d ) (22) 

where a is obtained from a by erasing some of the 
external faces, the new boundary T is the subgraph 
of r obtained by erasing the corresponding links, 
and the spins of the spin-network iprj labeling T — 
P have been set to zero (FigEJ) . The cylindrical 

53=0 



FIG. 6. The face erasing. 

consistency requirement (|22[) can be translated in 
a requirement on the colorings of the 2-complex. 

In fact, ([22]) implies the following thing. Consider 
the Peter- Weyl expansion of Z a over colorings of 
the 2-complex, as in (fT4")) . and consider a generic 
term of this sum such that some of the spins van- 
ish. Then this term will coincide with an analogous 
term in the partition function Zg-, where the sub- 
foam S C it is derived from a by erasing all the 
faces labeled by vanishing spins and glueing faces 
along trivial (2-valent) edges. 

Consistency under face erasing is strictly related to 
consistency under face splitting. Indeed even if we 
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start with a n-valent edge (n > 2) we can erase 
ri — 2 faces and end up with a trivial edge (see 
Fig|6]). This situation is clearly equivalent to a face 
splitting, so property ([2U]) ensure that the trivial 
edge can be safely removed. 



Ponzano-Regge model 

The Ponzano-Regge model for three-dimensional Eu- 
clidean quantum gravity [35| - |37| is defined by the general 
formula (jSJ) with the following vertex amplitude 



W™(h vf ) 



dg V e Y[S(h vf , g t( l f) g s{vf) ) (23) 

vf 



where the integration is over gauge group variables g ve 
(one per each edge e coming out from the vertex v), and 
s, t specify if the edge is 'source' or 'target' according 
to the orientation of faces. Clearly, the interpretation of 
variables is slightly different from the four-dimensional 
models. Here the Ponzano-Regge model is viewed as a 
covariant path-integral formulation of 2+1 Loop Quan- 
tum Gravity [38] . Therefore the SU(2) variables h v f are 
interpreted as holonomies of the SU(2) spin-connection 
Wfi. Moreover, local boundaries of spin foam vertices are 
defined by intersection with a small 3-ball. In the fol- 
lowing we review well-known invariance properties of the 
Ponzano-Regge model in the language of the new holon- 
omy formulation for local spin foams. The proofs will 
be similar in the four-dimensional model, therefore we 
consider 2+1 gravity as a warm-up. 

As a first step, we show that the Ponzano-Regge par- 
tition function is left invariant under face reversal. To 
achieve this, it suffices to prove the transformation rule 
of vertex amplitude (|T8|) . So consider a vertex v belong- 
ing to the face /, and consider the face factor (5 distri- 
bution) in the vertex amplitude associated to this face. 
Under a flip in the orientation of /, the source and tar- 
get gauge variables must be interchanged. But from the 
simple identity 5(g) = S(g~ 1 ) we have 

6 (hvf, 97(l f )9t(vf)) = S(Kf> 9t(vf)9s(vf)) (24) 

hence we prove (fT5|) . 

The second cylindrical consistency we consider is face 
splitting invariance, in particular we prove (|20[) . Con- 
sider a vertex v of a face / and let us split / in two 
new faces /' and /". To simplify the notation, call 
9s(vf) — 9t(vf) — 9 the gauge associated to the 2-valent 
edge where /' and /" meet. Call also h v f and h v f sim- 
ply bl and h" respectively, gtfvf) — t and g s (vf") = s - 
Then the new vertex will contain the two face factors 



8{h' : r 1 g)8{h\g- 1 S ). 
Performing the integral in g, we have 



(25) 



dg 6{ti, r 1 g)5(h", g^s) = S(h'h", t~ l s) (26) 



so the two face factors (f25j) collapse into a single face 
factor. This shows that the requirement (|2U)) holds. 

As a last step, we prove cylindrical consistency under 
face erasing. In particular, we prove (|22l) for a single ver- 
tex, the generalization being straightforward. A normal- 
ized spin-networl0 function tprj on the local boundary 
graph T has the property of being equal to the spin- 
network ipf, , on a sub-graph r C F when the spins of 

r — r are set to zero. The cylindrical consistency of 
the spin foam model requires the corresponding vertex 
amplitudes to be equal. This is true, due to the follow- 
ing simple observation: when evaluating (W v \if)j), some 
of the face factors in the vertex amplitude are integrated 
against trivial (spin zero) Wigner matrices, and give triv- 
ial contribution to the evaluation: 



dh v f S(h v j, g 



l 



»(«/) 



)D^=\h v} ) = 1. (27) 



EPRL model 



The EPRL model [E} is a candidate model for quan- 
tum general relativity in four dimensions. Here we are 
interested in a manifestly 5[/(2)-invariant holonomy for- 
mulation of this model, which appeared in the local form 
© in reference [lj . The model is specified by the follow- 
ing vertex amplitude: 

W v BPRL (h vf )= [ dG ve Y[S 7 (h vf ,G; { l f) G s{vf) ) (28) 

where the integral is over the 5*0(4) (SL(2, (D) in 
the Lorentzian theory) gauge group variables and the 
source/target group elements are defined according to 
the orientation of faces. We have introduced the follow- 
ing distribution: 



<5 7 (/i,G) 



Ej J sum dc N i xJ ( c h ^ u+ ' r) ( c G ) ( £ ) 

^130(2) dcN jX j (ch)x M (cG) (0 

(29) 



where the two lines refer to the Euclidean (e) and 
Lorentzian (1) versions of the model respectively, and 
7 + 1 1 is the Barbero-Immirzi parameter. The irreducible 
representations labeling the characters x °f SO (A) (or 
SL(2, (D)) in (|29|) satisfy the simplicity constraint: 



•+ 1+7 • •- |1 — 1\ ■ 



2j, p = 2 7 j 



(0 



(30) 



The simple form ([28l |29|) of the vertex is derived from 
the one of reference [l|. Basically, the embedding maps 



4 We have omitted the intertwiner labels in the notation, since 
they play no role in our analysis. 
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SU{2) -> SO (4) (or 517(2) 5L(2, <D)) are replaced 
by an auxiliary integration over the c variable (5f7 (2)- 
averaging) , which is responsible for the coupling between 
the little group SU(2) with the 4-dimensional gauge 
group. The positive constant Nj in (1291) parametrizes 
the normalization of the vertex (and edge) amplitude. In 
the Euclidean model, the vertex normalization Nj can 
be fixed from the requirement of cylindrical consistency. 
This could be done in principle also in the Lorentzian 
theory, but we need to handle potential divergencies re- 
sulting from the non-compactness of «SX(2, (D), and will 
be discussed elsewhere. 

Following the three steps as for the Ponzano-Regge 
model, we first study the effect of a flip in the orientation 
of a face. The identity we have to prove, analogous to 
is the following: 



Sj(h v f, G s ( vf )Gt(vf)) - S^(h vf , G t( l f) G s{vf) ). (31) 
This is easily done using the formalism (|29|) : 
£ 7 (/i,G- x ) = 

= W dcN^{cg) X 3+ (c(5 + )" 1 )x r Wg-)- 1 ) = 
j J 

= E/ dcN jX j (c- 1 9- 1 )x j+ (c- 1 g + )x r (c- 1 9-) = 



S 7 (h-\G) 



(32) 



where we used the simple property 5(g) — 5(g~ 1 ) and 
the cyclic invariance of traces. 

Our second goal is to prove the face splitting rule ([2"U| . 
After a face splitting (as in (f25j) ). one face factor in the 
corresponding vertex splits into two parts 

5 7 (h',T- 1 G)5 1 (h",G- 1 S). (33) 

Next, integration of the previous formula over G G 5(9(4) 
gives 



E 



dc ■ 



A 2 



X 3 {ch'h") x U+ ' r) (cT~ 1 5) . (34) 



— J Jsu(2) d-jdj+dj- 

Therefore, choosing the normalization^ 

Nj — djdj+dj-, (35) 
expression (f3"3"|) collapses to the single <L distribution 

& y (h'h",T- 1 S). (36) 

As a final step, we prove the cylindrical consistency of 
EPRL model under face erasing. Here the analogous of 
equation (|27p is, after a simple calculation, 



dh vf 5 y (h vf , G; { l f) G s(vf) )D^f=°(h) = Nj=Q. (37) 



5 The same normalization is considered in |39( , for the Group Field 
Theory formulation. 



Therefore, imposing the face splitting invariance, we have 
Nj—o = 1 and prove the full cylindrical consistency of 
EPRL model with vertex normalization (|35l) . 

Before concluding, we observe that cylindrical consis- 
tency of EPRL model allows to extend to the full Loop 
Quantum Gravity kinematical space ([3]) the embedding 
map / 7 of SU(2) spin-networks into (simple) 50(4) spin- 
networks. This map is the key ingredient for the defini- 
tion of the model [5j. With our notations, the embedding 
map 



(38) 



with %l 0(i) = L 2 (SO{4) L / ~), is defined as 

(f^)m = f dc n dhi Hs^huG^mG^ihi). 

(39) 

To our knowledge, this map has been defined only for 
an arbitrary, but fixed, graph. In order to define it con- 
sistently on all graphs, we need to check its cylindrical 
properties. Basically, the action on the space Tir have 
to be consistent with the action on %f, where F is a 
sub-graph r C T. A sub-graph can be obtained from a 
larger graph with a finite number of elementary opera- 
tions, which constist in flipping the orientation of links, 
splitting a link, or erasing links. It is not hard to under- 
stand that the three cylindrical requirements discussed 
in this paper imply that (at least with the normalization 
([35]) ) the embedding map / 7 extends to the full Hilbert 
space 



/ 7 : L 2 (A,dfi A L) 

where 
L (A ,d^ AL y ) - 



L\A SO[A) 



L 2 (A+ x A-,dii\ L diJ, AL ) 



(40) 



(41) 



is built up from two copies (the 'left' one denoted by +, 
the 'right' one by a — ) of the kinematical state space of 
loop gravity. Clearly, a basis for the image of / 7 is given 
by simple spin-networks (see [40] for a recent review and 
analysis). 



IV. TAKING THE CONTINUUM LIMIT 



Consider the full partition function 



Z(h l )=Y,W a (h l ) 



(42) 



with sum over 2-complexes which are bounded by a graph 
r. The physical intuition suggests that a given 2-complex 
acts as a regulating lattice. In fact, spin foam models are 
generally defined as a quantization of a truncation of clas- 
sical General Relativity to a finite number of degrees of 
freedom, e.g. by first discretizing it over a piecewise flat 
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simplicial manifold, then quantizing it [!, I41TI43T ] . Differ- 
ently from a lattice gauge theory, expression (j4*2"j) gets rid 
of the regulator dependence by summing over all possible 
2-complexes. This sum, including possible symm etry fac- 
tors, can be generated by a Group Field Theory [23.144^. 

However, a closer look at formula (|42j) suggests that 
there is a large amount of redundancy in this sum. Let 
us expand (|42[) in a sum over colored 2-complexes: 

z(h l ) = j2J2 w ^M- ( 43 ) 

A term Wa,j,i where some of the j's are vanishing can 
be naturally interpreted as the amplitude for a sub 2- 
complex a obtained by erasing the corresponding faces. 
Since we are summing over the sub 2-complexes this term 
is counted at least twice. The degeneracy is clearly pro- 
portional to the number of vanishing spins in the most 
refined 2-complex a. To avoid this overcounting, the sum 
over colorings (|43p should be restricted to nonvanishing 
spins. 

A different way for recovering the infinite number of 
degrees of freedom of General Relativity is to consider 
the partition function for a very fine 2-complex and take 
the limit of infinite refinement: 

Z{hi)= lim W a {hi). (44) 

This approach is much more similar to lattice gauge the- 
ories or dynamical triangulations [H, H(|. Despite the 
two partition functions (|4*2"j) and flU} look very differ- 
ent, they are likely to be related, or even identical. This 
observation was pointed out recently by Rovelli [13, HH . 

An insight on the the relation between the refinement 
limit (|44l) and a sum over 2-complexes comes from the 
consistency requirements discussed in this paper. Let us 
put a cut-off on the theory, namely consider a very fine 
2-complcx er. The quantity 

Z {a) {h) = W rT {h l ) (45) 

can be interpreted as a cut-off 'a la lattice gauge theory' 
of the partition function. An alternative definition of 
partition function as a sum over 2-complexes with the 
cut-off induced by the choice of a is 

pCrr j^Q,i 

where the sum is over sub 2-complexes and over non- 
trivial colorings, and the sub 2-complexes p in (|46p are 
the ones that can be obtained from a by erasing faces 
in all possible ways, and possibly, eliminating the trivial 
edges. Notice that in order to merge two faces along a 



trivial edge, we have to ensure that they have compatible 
orientations (they must induce opposite orientations on 
the common edge). 

Hence the sub-foams p are obtained via a finite number 
of elementary operations. These are the face orientation 
reversal, the face splitting, and the face erasing. So if 
the cylindrical requirements discussed in this paper are 
satisfied, as for the EPRL spin foam model, the partition 
functions (|45f and (|46|) are the same. 

More difficult is to show that a sum like (PIBl) corre- 
sponds to a sum over equivalence classes of 2-complexes 
similarly to Group Field Theories (see [4{| for a complete 
analysis in 2+f gravity). To this regard a possible diffi- 
culty could come from trivial vertices, that is vertices of 
valence two, bounding at least three faces. Preliminary 
investigations indicate that, in the case of EPRL model 
(at least its SU (2) version) the trivial vertices cannot be 
erased without affecting the partition function. We leave 
this as an open problem. 

V. CONCLUSIONS 

In this paper a new holonomy formulation for spin 
foams was shown to be an appropriate tool to deal 
with general features of spin foam models. Within the 
holonomy representation, we introduced cylindrical con- 
sistency for spin foams as a natural step towards a con- 
tact with the (Ashtekar) connection representation of 
canonical Loop Quantum Gravity. We discussed an im- 
portant consequence of cylindrical consistency: it fixes 
the arbitrary normalization of the vertex amplitude of 
EPRL model. Furthermore, it provides key insights on 
the continuum limit. The extension of our analysis to the 
Lorcntzian signature is in progress. 
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